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Motivated by the need to conceive freely-precessing gyroscopes for detecting acoustic frame-
dragging predicted recently in rotating acoustic analogue black holes, we report an incipient investi-
gation on the hydrodynamics of nematic active fluids. With a specific assumption on barotropicity
of a nematic fluid, we discern acoustic analogue black hole spacetimes experienced by linear per-
turbations of the velocity potential. For vanishingly small diffusivity of the active particles, linear
perturbations of the active particle concentration reveal a profile with an enhancement close to the
acoustic horizon, hinting towards the possibility of partial trapping of active matter by the acoustic
black hole. We further show that, as anticipated, the dynamical nature of the orientation (‘po-
larization’) of individual particles indeed opens up the possibility of their use as freely-precessing
gyroscopes. In addition, inclusion of diffusivity of active particles in the inviscid solvent is shown
to lead to a small effective viscosity. Depending on the sign of the diffusion coefficient, this can
either yield superfluid-like behaviour, or enhance the net viscosity, of the nematic system. In either
situation, acoustic superradiance, theoretically analyzed and experimentally observed recently for
mildly viscous standard fluids, is thus predicted to occur for nematic fluids.
Introduction: Following up on Unruh’s brilliant
discovery [1] of acoustic black hole analogues in
barotropic, inviscid fluids, and the prediction of ob-
servable Hawking radiation of phonon excitations
from such black holes, theoretical and experimen-
tal studies of acoustic analogues of kinematic grav-
itational phenomena, in condensed matter and cold
atom systems, has been a robust ongoing activity
[2, 3]. The recently reported experimental observa-
tion of acoustic Hawking radiation [4] confirms Un-
ruh’s original prediction. Further, acoustic super-
radiance (‘superresonance’), predicted initially for
inviscid fluids [5], [6] and more recently for mildly
viscous fluids [7], is already reported to have been
observed in water [8]. Thus, kinematic gravitational
phenomena not observed in physical spacetime are
now accessible to laboratory experiments as fluid
mechanical analogues [2], [3] !
Inertial frame-dragging and the Lense-Thirring
precession of gyroscopes, well studied in general rel-
ativity for rotating black holes [9], have been hith-
erto unobservable in strong gravity situations. The
acoustic analogue of this phenomenon has been an-
alyzed very recently for a rotating acoustic black
hole [10] and quantitative predictions given for the
acoustic Lense-Thirring precession frequency. How-
ever, despite a proposal [10] for observation of this
phenomenon involving an induced quantum spin for
the phonons in certain paramagnetic crystals, the
conceptual construction of a freely-precessing gyro-
scope to detect frame-dragging in the fluid black hole
has remained elusive. Our Letter addresses this is-
sue through a first-ever exploration of the hydrody-
namics of nematic active fluids within the analogue
gravity paradigm. We generalize Unruh’s approach
based on linear perturbations, to discern acoustic
black hole analogues, and to study the possibility of
conceptualizing gyroscopes out of active particles, in
such fluids.
Active motile agents, e.g. planktons, bacteria,
artificial microswimmers to fishes and birds, pro-
pel themselves in fluid media and thereby interact
among themselves and the media itself. Often such
active particles are inherently diffusive and carry an
orientation (‘polarization’) due to their asymmetric
structure. In such systems, as the manifestation of
fluid-particle and particle-particle interactions, there
appear a spectacular variety of fascinating collec-
tive dynamical phenomena over a broad range of
length and time scales [11–13]. A key hydrody-
namic effect in such phenomena, which arises due to
the interaction of the swimmers’ orientations with
the fluid flow, is the alignment of active swimmers
with a shear flow. Such a flow may result in shear-
viscosity reduction by the forces generated by swim-
ming, leading to possible ‘superfluid-like’ behavior
[14–21].
Following Unruh, linear perturbations of the ne-
matic fluid equations and the respective continuity
equations for the solvent density, the active parti-
cle concentration and orientation, around appropri-
ate stationary backgrounds, are carried out system-
atically. Acoustic black hole analogues are indeed
shown to emerge as possible background flows in ne-
matic fluids, provided an assumption is made regard-
ing barotropicity of the nematic system. Remark-
ably, even for inviscid solvent fluids, active matter
diffusivity is seen to directly produce a weak effective
viscosity in the equation describing the perturbed
velocity potential in such black hole backgrounds,
given in terms of the diffusion coefficient. Adjusting
the latter thus paves the way for reducing shear vis-
cosity and confirming the possibility of simulating
an active ‘superfluid’, as also the alternative likeli-
hood of enhancing the net viscosity. Whereas ana-
logue gravity studies traditionally rely on inviscid
fluids [2, 3], in view of recent work [7], [4] on rotat-
ing acoustic black holes in mildly viscous (‘inactive’)
fluids, both situations offer the opportunity for the
incipient observation of acoustic superradiance [5] in
nematic fluids.
For vanishingly small diffusivity, the perturbed ac-
tive matter concentration around a vortex flow cor-
responding to a rotating acoustic black hole, exhibits
an intriguing profile : a sharp enhancement of con-
centration is manifest, close to the acoustic horizon
! We shall present a heuristic derivation of this phe-
nomenon in the sequel. Such a behaviour is strongly
indicative of the possibility of externally trapping
bacteria and other nematic active elements in a fluid
by the acoustic black hole, and may have applica-
tions in spatial control of bacterial concentrations in
biologically active fluids in general.
Returning to our initial motivation for investigat-
ing active fluids, we consider with some approxi-
mations, the continuity equation corresponding to
linear perturbations in the orientation of individual
active particles. Numerical solution of the pertur-
bation equation yields a dynamical orientation angle
with respect to the direction of the flow, depending
on the flow parameters of the rotating acoustic black
hole. Such a strongly dynamical (time-dependent)
orientation of an individual bacterium, depending
on the background flow parameters, makes this ac-
tive particle a rather suitable candidate for a freely-
precessing gyroscope. Even though technical details
are still awaited, we envisage immediate application
of this phenomenon (of dynamical orientation of in-
dividual active particle) in acoustic black hole space-
times), to the detection of acoustic frame-dragging
and measurement of the acoustic Lense-Thirring fre-
quency. Since no ‘weak-field’ approximation is in-
volved in our analysis, nematic fluids stand to en-
able reliable laboratory observations of acoustic ana-
logues of strong-gravity frame-dragging phenomena
for the first time !
Model of the Active Fluid And Realization of Ana-
logue Gravity: We begin with the hydrodynamic
equations appropriate to a nematic active fluid [18].
The total system is described by the following vari-
ables: fluid velocity v, density of the fluid solvent
ρ, density of the active particles c and their local
orientation P. At this point, we do not assume any
relative velocity of the active particles with respect
to the background fluid. The background fluid fol-
lows the conventional Navier-Stokes equation for in-
viscid fluids, with the total stress tensor σij (whose
full expression is given in [18]) now containing con-
tributions generated by the swimming of the active
elements as well as the pressure term −Πδij
(ρ+ c) (∂t + v.∇) v = ∂jσij
Π = Π(ρ, c) = Π(ρ+ c) , (1)
where, the last equation is taken to characterize
barotropicity in the nematic fluid in this Letter. In
this respect, since the corresponding assumption of
an equation of state relating pressure and density
of an active fluid is highly nontrivial and debated
[22, 23], this crucial assumption restricts the classes
of active systems that the analysis in this Letter can
be relevant to. Under such an assumption, there is
a unique speed of sound given by v2s ≡ dΠ/d(ρ+ c).
The continuity equation for the solvent fluid is un-
changed and is given by
∂tρ+∇ · (ρv) = 0 (2)
For the active part, we assume the swimmers in a po-
larized state with high orientational order among the
polarization vectors of individual particles. In that
situation, as shown in Ref. [18], we can assume |P|
to be a constant, and work with p ≡ P/|P| instead.
Then, the hydrodynamic equations for the variables
corresponding to the active elements of such a sys-
tem can be written as [18]
∂tc+∇ · cv = ∂i [Dij∂jc+ λγ
′uklpkplpi] (3)
and
[∂t + v · ∇]pi + ωijpj = δ
T
ij
[
λujkpk + κ∇
2pj
]
(4)
with γ′, κ, λ constants, δTij = δij − pipj being the
transverse projection operator , uij ≡ (∂ivj +
∂jvi)/2 , ωij ≡ (∂ivj − ∂jvi)/2. eqn. (3) is just
the continuity equation for the concentration of ac-
tive particles, appended with an extra term to ac-
count for their diffusion in the background fluid with
Dij being the effective diffusion tensor governing
orientation-dependent diffusion of active nematics
and is given by
Dij = D(δij − ξpipj) (5)
where D is the diffusion constant and ξ is another
constant related to how much diffusion is influenced
by the alignment of active particles. The parameter
|λ| controls the tendency of the swimming particles
to align to a shear flow in the background fluid. The
polarization equation (4) contains the usual convec-
tive derivative for a flowing fluid and terms involving
the symmetric and antisymmetric derivatives of the
flow velocity (ωijpj and δ
T
ijλujkpk) accounting for
2
alignment of the active particles to sheared and ro-
tating fluid flows. Finally, the contribution of elastic
energy cost of deforming the polarization field of the
particles, which arise due to the aligning interactions
between individual particles [18], is modeled in the
last term in right hand side of Eq. (4). This model
of active matter hydrodynamics can be derived phe-
nomenologically or from microscopic models of the
active particle dynamics [18] and as explained above,
is quite intuitive.
We proceed to analogue gravity through linear
perturbations for this fluid, following ref. [2], as-
suming an irrotational flow with the velocity po-
tential being ψ, so that vi = −∂iψ and uij =
−∂i∂jψ and ωij = 0. We decompose all dynami-
cal fields into their time-independent steady back-
grounds (denoted by terms with subscript 0) and
linear fluctuations (denoted by terms with subscript
1) : v = v0 + ǫv1, ρ = ρ0 + ǫρ1, c = c0 + ǫc1, Π =
Π0 + ǫΠ1, ψ = ψ0 + ǫψ1, with ǫ << 1. In this anal-
ysis, we keep the orientation field at its static back-
ground, and neglect the effect of activity in Eq. (1)
at order ǫ. With these assumptions and approxima-
tions, the equation governing the velocity potential
ψ1 may be written as
−∂t
[(
c0 + ρ0
v2s
)
(∂tψ1 + v0.∇ψ1)
]
+ ∇.
[
(c0 + ρ0)∇ψ1 −
(
c0 + ρ0
v2s
)
(∂tψ1 + v0.∇ψ1)v0
]
= ∂i
[
−Dij∂j
(
c0
v2s
(∂tψ1 + v0.∇ψ1)
)
+ λγ′pkplpi∂k∂lψ1
]
. (6)
One can interpret Eq. (6) in terms of the stan-
dard analogue gravity acoustic spacetime [2]. thus
the LHS of Eq. (6) reduces to the covariant
d’Alembertian wave operator 2g corresponding to
the acoustic metric given by
gµν =
1
(ρ0 + c0)vs
[
−1 −vj0
−vi0 v
2
sδ
ij − vi0v
j
0
]
acting on the perturbed potential ψ1. The RHS
is clearly not Lorentz invariant and thus offers new
opportunities to simulate Lorentz-violation Physics
[24]. In particular, neglecting polarization terms in
Eq. (6) one obtains,
ρ0 + c0
v2s

2
gψ1 =
Dc0
v2s
∇2(∂t + v0 · ∇)ψ1 (7)
where we have used the relation
c1 = (c0/v
2
s)(∂t + v0 · ∇)ψ1 (8)
which follows from barotropicity. An interesting as-
pect of Eq. (7) is its striking similarity with the wave
equation for ψ1 derived in conventional barotropic
fluids with a small viscosity η [7]
ρ0 + c0
v2s

2
gψ1 = −
4
3
η
ρ0vs
(∂t + v0 · ∇)∇
2ψ1 (9)
which, modulo some extra terms, implies that ne-
matic fluids have an effective viscosity arising from
diffusion, even when the solvent fluid is inviscid. In
that respect, it is similar to the known fact [14–21]
that flow-aligning swimmers can enhance or reduce
the viscosity of the solvent by aligning to a shear
flow and generating flow patterns about themselves,
reinforcing or opposing the existing shear. On one
hand, these effects help impart ‘superfluidic’ prop-
erty to active systems [15], which is usually an es-
sentiality [2] to realize conventional analogue gravity.
On the other hand, these terms contribute as explic-
itly Lorent-violating terms [7] in the model, thereby
facilitating simulations of the physics of Lorentz vi-
olation [24]. From studies on such systems, one con-
cludes, as demonstrated in [7], acoustic superradi-
ance (‘superresonance’), i.e., amplification of sound
waves at the cost of the rotational energy of the
acoustic analogue black hole, is certainly possible
for nematic fluids. The physical effects of such phe-
nomena on active systems is left as a possible future
work.
Active Matter Concentrations in Draining Sink
Flow: Since the equation for the perturbed velocity
potential in the active fluid is complicated in general,
we shall first make several simplifying assumptions.
We neglect the contributions from the diffusion of ac-
tive matter by assuming D << L2/τ , where L and τ
are the characteristic length and times scales of the
system. We also neglect the term λγ′pkplpi∂k∂lψ1
since it contains products of direction cosines. To
see the effects of the acoustic geometry, we shall cal-
culate the distribution of the concentration fluctu-
ation of the active particles. As an example of the
background flow, we choose the ‘draining sink’ (DS)
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vortex profile
v0 =
−Arˆ +Bφˆ
r
(10)
with A > 0 and B being two parameters. We also
assume a homogeneous c0 and ρ0 profile leading
to homogeneous sound speed. This velocity profile
is widely used in the analogue gravity community
[2, 3, 8] and indeed vortical flows are ubiquitous in
active matter systems [25–30] as well. The corre-
sponding metric is well-known to admit an acoustic
trapping horizon at r = rH =
A
vs
where the inward
radial component of the fluid velocity equals sound
speed and to demonstrate superresonance [5, 6] and
inertial frame dragging [10]. To calculate the fluctu-
ation in the active matter concentration c1, we shall
use an explicit solution of the homogeneous wave
equation, which is valid near the horizon and given
by [5, 6]
ψ1m(r, φ, t) = e
i(mφ−ωt)e
imB
2A
ln(1+x)F (x) (11)
where m ∈ I+ is the mode number, ω > 0 is the
frequency of the mode, x = r
2
r2
H
−1 is the normalized
squared radial distance from the horizon and F (x) =
2F1(α, β; γ;−x) is the hypergeometric function with
Q = ωA
v2
s
− Bm
A
, S =
√
m2 + 2Bmω
v2
s
− 2ω
2A2
v4
s
, α =
−S2 − i
Q
2 , β =
S
2 − i
Q
2 , γ = 1 − iQ. This solution
is valid outside the horizon and in the low-frequency
regime where the relations ωA
v2
s
x << m and ωA
v2
s
<< 1
hold. Using Eq. (8), we see that c1 has a wave-like
fluctuation in time and angular coordinate, with an
amplitude which is a function of the radial distance
from the centre given by the equation,
|c1|
2 ∼
∣∣∣∣iωF (x) + 2v2sA dFdx
∣∣∣∣
2
(12)
which is plotted in Fig. 1. The plot reveals that
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FIG. 1: Active particle concentration profiles |c1(x)|
2
|c1(0)|2
for
vs = 1, ω = 0.001, m = 1, A = 1.
there is an enhancement of the amplitude |c1|
2 near
the horizon, and a corresponding monotonic decay
away from it. Furthermore, we also see that the
length scale of the radial decay of this oscillation
amplitude can be controlled by the parameter B/A
of the background flow. In general, this spatial
variation of the active matter density wave ampli-
tude comes as a direct consequence of the underly-
ing acoustic metric which controls the perturbation
in the velocity potential ψ1. As seen from Eq.(8),
this variation can be controlled totally by manipu-
lating the background fluid flow v0. As such, this be
useful in localizing bacteria or colloidal particles or
in targeted delivery of such objects with a carefuly
designed flow. This general scheme of controlling
amount of fluctuation in active matter concentration
will complement the existing methods of trapping
and manipulation of active particles using, for ex-
ample, topological defects in the orientation profiles
[31–33], curvature [34], deformation [35] or constric-
tion [36] of the bounding walls, swirl flows [25, 37] or
shear flows [38, 39], most of which are very system-
specific.
Active Nematic Particles as Probes of Acoustic
Lense-Thirring Precession: Rotating acoustic black
hole spacetimes like that realized in DS offer the pos-
sibility of observation of acoustic inertial frame drag-
ging and Lense-Thirring precession [10], wihtout re-
sorting to any weak field approximation. In this re-
spect, active particles in the vortex flow can work as
freely-rotating gyroscopes, probing acoustic frame-
dragging and measuring the corresponding Lense-
Thirring precession frequency. This would be best
observable with extremely dilute suspensions of ac-
tive particles where we can neglect self-interactions
of the orientation field. In such limits, we can set
c0 = 0 and thus the acoustic geometry has no con-
tributions from particle concentration. Then, we can
consider the effect of the fluid flow on the orienta-
tion p and centre-of-mass position x of the individ-
ual particles and write their equations of motion as:
x˙ = v (13)
which implies that the center of mass of each parti-
cle drifts with the same speed as the fluid flow while
their orientations tends to align to local shear in the
flow according to the Jeffrey’s equation[40] corre-
sponding to an irrotational flow
p˙i = βujkpk(δij − pipj) (14)
where β is a parameter depending on the shape and
aspect ratio of individual active particles. If we write
p = (cos θ, sin θ) then, using Jeffrey’s equation this
leads to the equation for orientation angle θ as
∂tθ = β
[
uxy cos 2θ −
uxx − uyy
2
sin 2θ
]
. (15)
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We numerically solve this equation for the DS ve-
locity profile we used above and plot the orientation
fluctuation due to the velocity perturbation in the
fluid. The resulting Fig. 2 shows that the tempo-
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FIG. 2: Dynamics of the (a) orientation θ and (b) an-
gular velocity dθ/dt of active particles with radial coor-
dinate r; with ω = 0.001, vs = 1, m = 1, A = 1, B =
10, β = 1, ǫ = 0.1. The initial conditions are x = 8, y =
0, θ = 0, the ‘background’ corresponds to the dynamics
with v = v0 while the case with v = v0 + ǫRe[v1] is
plotted as ‘total’.
ral fluctuations in the orientation due to ψ1, rep-
resenting precession, are particularly prominent for
larger B/A ratio and are enhanced as the particles
approach the acoustic horizon. The former observa-
tion can be attributed to the fact that in our acous-
tic metric, the angular momentum of the black hole
horizon ΩH = (Bv
2
s )/A
2 [10] increases with B/A and
frame-dragging effects increase accordingly. This
precession of the orientation of individual active par-
ticles can be experimentally observed directly. The
above simulation results can thus be compared with
those observations possibly after averaging over the
dynamics of a sufficiently large number of individual
particles to eliminate random fluctuations in their
position and orientations resulting in translational
and rotational diffusion. The effects would be best
observable for very small rotational diffusion con-
stant (Dr) values relative to the orientation fluctua-
tions δθ due to v1, i.e., 2Drτ << δθ
2 where τ is the
time needed to reach the horizon from where the
particle starts. In those cases, we can use the dy-
namics of active particles to probe the correspond-
ing dynamics of test objects in the emergent acoustic
spacetime.
Concluding Remarks: In the foregoing, active ne-
matic fluids have been shown to emerge as a novel
arena for analogue gravity phenomena. We have
demonstrated several implications of this symbiotic
relationship between active fluids and acoustic grav-
ity analogues, working within certain approxima-
tions for simplicity. With regard to future outlook,
inclusion of the contribution of the diffusion term in
the right hand side of our wave equation, neglected
in our analyses so far, is a high priority. While ignor-
ing this contribution is reasonable for the limits of
low concentration or low diffusivity which we men-
tioned earlier, inclusions of such terms may account
for simulations of more exotic phenomena. Further-
more, for small D, the effect of the source term in
the wave equation can be evaluated perturbatively
starting from a solution of ψ1 for the correspond-
ing homogeneous wave equation. Analysis of such
kinds is inspired by the fact that since the diffu-
sion (by eqn.(5)) is dependent on the polarization
of the particles, it can be controlled experimentally
if we can manipulate the alignment of the particles
by, e.g., the fluid flow itself as we discussed, pas-
sive liquid crystals [41], intense laser beams [42] or
external magnetic fields for magnetotactic bacteria
[43]. This would allow us greater control over the
dispersion of the active particles over the fluid, com-
plementing our proposed way of doing the same by
imposing analogue spacetime structures to the flow
perturbations. In summary, since both active mat-
ter and analogue gravity enjoy established stature as
robust areas of reseach in contemporary theoretical
and experimental sciences, this incipient investiga-
tion of analogue gravity in active nematic fluids of-
fers myriad possibilities of rich and novel phenomena
involving both biology and physics.
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